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Definition 2.1.1. An integral domain R is defined as a Euclidean domain (ED) if there exists a function
¢: R*—{0,1,---} such that for any a,b € R*, there exist q,r € R satisfying

a=bg+r,

where r =0 or ¢(r) < (b).
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o 7 N Euclid 34 ATl ¢ : n — |n].

Flz] 5 Euclid %, 7T ¢ : h(z) — degh.
Exercise 2.1.2. £XMiELEN ¢, 84F Z[V—1] = {a+bi | a,bc Z} #HLFRIR k.
B X T Zx], Z[V-5), BURFEFE (2fk n R RINES), R EWAAETER ¢ E5E (i) W
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Definition 2.2.1. For a,b € R, the least common multiple of a and b is given as

[a,b] :==min{ce R|a|c, b]c}.
AP T R=7, min HHEERKG KD XRZLBEFMFOR DI RELK, 3T R =Flz], min & 2 AKX
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Proposition 2.2.2. Fora,b,c € R,
ale,b|le=lab]]ec.

1EBA. Otherwise let ¢ = g[a,b] + r for r # 0 and ¢(r) < ¢([a,b]). Since both ¢ and [a,b] are common
multiples of a and b, r should be common multiples of a and b, which means r > [a, b] by the definition of
[a, b], and thus contradicts ¢(r) < ¢([a,b]). O

Proposition 2.2.3. The least common multiple of a,b € R satisfies
[a,b](a,b) = ab
up to a unit (an invertible element).

1EBf. Since
ab . b _a b
(a,b) - (a,b) - (a,b)

ab/(a,b) is a common multiple of a,b. By the previous proposition, we may assume that kla,b] = ab/(a,b)

for some k € R, which indicates

b b
k[“; La,b) = b, k[“’b La,b) = a.
Note that both [a,b]/a and [a,b]/b € R, so k(a,b) is a common divisor of a and b, which implies k(a,b) |
(a,b). Tt immediately follows that & is a unit. O

2.3 ERXREFEREALQY/S/N2EH/X
T R =7 8 Flz] M&, AMERAERERR R0 E S SRS PR, B RGH T R B —AT
J¥ (preorder)
o reflexivity: a | a for all a € R;
o transitivity: a | b and b | ¢ imply a | ¢ for all a,b,c € R.
ER a € R, a MEAT2EMET {a} KT, M o BFES/XSEWEET {a} BEF, BOME
MEZZ —NBEMELT o M b FRKALE/N (a,b) = inf{a, b} (AT FHEAME), KB

TBLESC a A b YR AEEY [a,b] = sup{a, b} (AL EF M HME). T ZSR K — K2 EBUP
P ARG E/ R EH &N KT, MR LCREs LRGS0 pAS R FLAR =52

Proposition 2.3.1. 3T R =7 & Flz], BMLF KRG NER T — 2 AT N H BT EER, @R
By AT R /K — 2 R R AT N A4S 4 /K. (lattices as posets)



2.4 FEESEX2Y/RPMMEH/N

AR TTE, NELE R AR, BT I C RN R MEETR, MR (ideal), A XHT
BreR rl={rz|xecl}CIl FIUHBERATEIFRE Z 19— EAE. K, 7 7w — A ooRA
%, BIfF1E o € R 43

I =(a):=aR:={ar|r € R},

MFR I N—>F A (principal ideal).
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Proposition 2.4.1. For a,b € R =7 or F[z], we have
o (a)+ (b) :=={ua+vb|u,v e R} =((a,b));

* (@) N (b) = ([a,0]).
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det( AT — A) = (A=A (A = A)2 - (A = A\l
HF AL Ay A ERAER], AR 2 A™ 89454 S R X A
det(AI — A™) = (A = A7) (A = Ag)l2 oo (A — Al

IR I F RHOEATB A = rel?, Kot r = [N NHABRK. BEZI g(x) = A — 2™ £ C LI

m—1 —1
g(x) — _(xm - )\) - _ H (l‘ - Tl/mei(9+27rq)/m) — (_1)m—1 H (Tl/mei(0+2wq)/m o x) ,
q=0 q=0
Fi I8
m—1
det(\ — A™) = (=1)""=D T det (r!/mel0+2ma/my — A)
q=0
m—1 s
— (_1)n(m71) H H (rl/mei(0+2ﬂ'q)/m . /\k)lk
q=0 k=1
s m—1
_ (_1)n(m—l) H H (rl/mei(9+27rq)/m - )\k)lk
k=1 q=0
= ()" D TT ()™ tg))™ = (~1) DS d) TT g(A — A,
k=1 k=1
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Problem 3.2. ¥t TEEH m,n, £ Flz] ¥ &

(z™ —1,2" —1) = 2™ — 1.



PR VE— (BUFEENEE): X max(m, n) ATIHN. (1) X4 max(m,n) = 1 B IR BN, (ii) K iskr
XF max(m,n) < k ¥IEAL, 24 max(m,n) =k BIALS m <n=*k # m=n,

(zm—1,2" —1)=(z™—1,2m - 1) =2 — 1 =z™™ —1;
¥ m<n,
(" =1,2"=1)=(z"—-Lz"—1—2"""(a" -1)) = (™ = Lz""™ - 1).
FERBIE max(m,n —m) < k, T 2RI
(2™ —1,2" —1) = (2™ — 1,2 ™ — 1) = (x(mn=™) — 1) = g(mm) 1,
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p=0 q=0
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ity p A g MHUETERIA p/m = q/n, Bl np = mq. N IHHE AR EXIEN p A1 g
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qg=sn/(m,n),s=0,1,---,(m,n) — 1;
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Problem 3.3. K f(z) R VA g(x) FTiFe9H X5 4 X.
1. f(z)=a*4+22° -5 +7, g(x) = 2> — 3w+ 1;
2. f(x) =2 — 23+ 42°> + ax + b, g(x) = 2% + 22 — 3.
TEHA .
vt +22° — 5+ T7=2%(2 -3x+1)+52% — 2 — 5z + 7
= (2? +52)(2*> = 3x + 1) + 142® — 10z + 7
= (2? + 5 +14)(2? =3z + 1)+ 322 — T;
ot — 2 4 da® dar +b=2%(2? + 22 —3) =323 + T2 fax + b
= (2° — 3z) (2 + 22— 3) + 132° + (a — 9)x + b
= (2® =3z +13)(2* + 22 — 3) + (a — 35)z + (b + 39).



WHALT: B g(x) HERIOER AR (BIAEE = AT g(2) = 22 + 20— 3 = (2 4+ 3)(x — 1)),
T2 R B AR AR 2, B

J(xo) = p(o)g(xo) + r(z0) = 7(20).
D BN B [
F(=3) =81 — (—27) + 36 — 3a + b = 144 — 4a + b= —3(a — 35) + (b + 39),
F)=1-1+4+atb=4+a+b=(a—35)+ (b+39).
O

Problem 3.4. ##3% R A AL (principal ideal domain, PID), % R 693183454 £ 32 8. XL
IR F L6y 20 X3R Flz] A AT

WL B T Fa) M EEAEL %5 T = {0}, W4 T = (0) ETEA SR T RS
T m(z). A f(x) € I, o & Brik
f(@) = q(x)m(x) + r(x), degr(z) < degm(z).
T=&A
r(z) = f(x) —q(x)m(z) € I + q(x)I CIT+1C 1.

B om(z) BIE XAHETE T AR m(z) AIEFZ I, W r(z) = 0, m(z) | f(z). 46
f(x) e I FMEEMWA 1C (m(x)) CI, B I = (m(x)) AHTEAE. O

u}

b, X — B ATUE ] Euclid %23 — 2 & R ARSI (ED = PID).



	内容概要
	补充知识
	带余除法
	最小公倍数/式的基本性质
	整除关系序与最大公约/最小公倍数/式
	主理想与最大公约/最小公倍数/式

	典型例题

