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WV e Vecty, f:V xV = TF. NEZEFIE2SEA W NEKER.
N2 [ P53
F = R C
symmetric / Hermite (o, B) = (B, @) (a,8) = (B, )

positive-definite

(,a) 20, (0,a) =0 <= a=0

linearity (kroan + kaawa, B) = ki(au, B) + ka(az, B)
length lell = v/(a,q)
Cauchy-Bunyakovsky-Schwarz [, B)] < ||| B]]
angle between 2 vectors (a, B) = arccos H(jﬂfﬁu

orthogonal
parallelogram law

Pythagorean theorem

alf < (a,8)=0
lov+ Bl + lla = BII* = 2[|ex]|* + 2] 8]
R(a, B) =0 < |la+ B> = |laf® + 18]

polarization identities (@, 8) = 13 o(=D*la+ (=1)*B)? | (a,B) = 11 yifla +i*B]?
A SEXPFRIE Hermite 1F 5
Pt T 52 B 2H 0 AR R TE A2 Py
FRAIARIETE IEAZHIAT S0 £ PARL TS0 1

Proposition 2.1.1 (inner product, norm,

= (metric) #2364} (topology) 4o F % % :

e FEach inner product space induces a canonical norm ||a|| =

metric and topology). W42 (inner product), &3 (norm), &

(o, @);
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e Each normed space induces a distance (induced metric) d(c, B) = |la — B||;

e *Each metric space induces a topology with a collection of basis {B(c,€)}es0,a-
Example 2.1.2. A 2% 08) F= M 38, = 7] 69 48) T :

e (?: normed space, not inner product space for any p # 2 (check the paralleogram law).

— 0 absolutely convergent series;
— 2 square summable series;

— £%°: bounded sequence.

o L?[—m, | (complex valued). One orthonormal basis: {€™},cz.
1 (" —
(19):= 5= | faafaa.

Proposition 2.1.3 (Legendre polynomials). %

p_ L d ((2? — 1)¥)
M okE! dok '

% 3L R[z] a9 A& 1
= dz.
(f.9) / f@)gla)ds

W { P}, #m—2EiE K.

1. AR deg Py, = 2k — k =k, §Uil {Pe}p, ZMEICK, N TUEMI RS, 58 B AR TR

1
/ Py.(z)z'dz =0, VI < k.
-1

il
' ! 1 ba 2 LA
_1Pk(a:)a: dz = 3h | (z* = 1)*) 2lda
1 drt ! I 1 gkt )
= gpaeet (@ V) o L de T ((2* = 1)F) 2"~ Mda,
/\q:‘
dk*l ) . k—1 L 1 dr X dk*lfp .
e (70 = =0 < P )dxp (@ =1 gy (@ + 1))
k—1
k—1 k! k!
= z—1)FP z + 1)PH
p0< p )(k‘p)!( ) (p+1)'( :
= 1 BP0, HT
1 ! ! b 2 kY .i-1
B Py(x)z'dx = ~ Sk r= ((1: - 1) )x dz

(=D taet o,
== = ((z* = 1)F)dz = 0.



Remark 2.1.4 (Chebyshev polynomials). %% & R[z] £5 —R 4

- / F@)g(@)(1 =),

AR g E KTk A Ty (cosl) = coskb, k=0,1,2,---. degT), = k.
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B dmV =n R—HE ar, a9, an, SRR EESCEE. R 5 IE S A ZE—4
ok, MUY SRS —HIE AR TIH— AL BE. 5

B = a;
o (a2aﬁl)
B2 = g — (ﬂhﬁl)ﬁh
. (Oé 51) (043752) .
b= 05— (g B
— O['mﬁk
—1 ﬁkan

T Br, Bay -, B AL EI T —AIRREIE R HE B1fa, -+, B AMER T LA A

ﬂk € ag +Span(ﬁl7” . 75/6—1) = O +span(a1,- o 7ak:—1>7
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0 1

R, FI& V =R, W R sihbs B4 I TR (o, an) B9 QR M
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1 * *
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Problem 3.1. 2 V ARERER, # :a— a—2(a,w)w, w e V.
o FIF w B AT A KT A AERT

e FHV=R" RRELA (a,8) = a'B, %k H EHEHX. BB AAET § € R #4£E 509
w %45
Hp = [|Bllex.

iE. & o, BeV, N
(Ha,7pP) = (a—2(a,w)w, 5 —2(8,w)w) = (a, B) — 4(1 — (w,w))(a,w) (B, w).

B 2 MIEAZAE Y HALY w W (w,w) =18 w=0. 58V =R, B2 2 it HEEEAh
H=1I-2ww'.
HB = |Blles <= B—2(w"Bw=|Blles = w//(B—|Bler).

# B =0, B w =0 BT, AR w = (a=pgicty, AARIE T Al
2w B =2[|8 — [|Bller]| (B = [|Bllen)™ B
=18 = 18llexl~* 211 = 2/Blle1 8)
=118 = 1BllexIT*(1811* = 211Bllel B + Il Blles 1)
=18 = lI8lleall-

O

Problem 3.2. % V AR TRBEEMZN, f AV _EagdE BT iR /AT k& &4, F=m W, CW, C
V. KiE Wi /Wi = (Wy/Wh)*.

IER . A
@ Wi /W5 — (Wa/Wh)*
a+ Wi = ((B+ W) = f(a, B)).
HEERAEH R EME. W ar + Woh = an + Wb, Bi + Wi = Bo + Wi, W oy — g € Wt By — B2 € Wy,

o(ay +Wh)(Br + Wh) = flou, Br)

(a1, B2) + flay, fi — B2)

(a2, B2) + flar — ag, Ba) + flax, B1 — B2) = f(a, B2).

IR @ RPN (WEA0Y). NHUARM, FEER] V A R4z ], RGBT A F U ¢ g
S, X f JERE AR O

Problem 3.3. i& ny, -+ ,n5 ANARTR V ay—irfE KL, &

Il
- =

o =1m1+2N3 =15 Q=172 — M3+ "Ny Q3= -T2+ 73+ 75

K span(aq, g, az) 89 —204FE E K.
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1
1 -1
(0517052,053) = (7717 et ;775) 2 —1 1
1
-1 1
B T Schmidt 1E %21k
pr=aq
_ (042751) i L
Ba = ay — (51,/6’1)/61 =ag + 3041,
— (as, B1) . (a3, Ba) _ _1 _?
S N L v A L L 1
T
1 1/3 1/14
1 1/3 1/14 1 —2/7
(B1: B2, B3) = (a1, 00,3) [O 1 5/7 | =(m,---oms5) | 2 —=1/3  3/7
0 O 1 1 5/7

-1 -1/3 13/14
WA HESIEAT. 2k B, B2, Bs H—Ak, 5

By = \}661, By = \/%, By = \/gﬂg.

Problem 3.4 (IERZSHAMIFIFRALL). & V ARARZH. Recall:
o EXTH: (Ao, AB) = (o, B), Va, B;
o #A AT (A, B) + (o, AB) =0, Va, 8.
FERA
a) & A&tk (ALI) TiE, M B=(A£D)(AFI) £
b) % B ER, (BEI) Tit, Ml A= (BFI)(B+1)"" 434k
B a) Fl ae V. & B=(AFI) o, W ABF =0, TR

(Ba, Ba) = (A£ 1), (A£ 1)B) = (AB, AB) + (B, B),
(a,0) = (ABF B, ABF B) = (AB, AB) + (B, B).

i (Ba, Ba) = (a, ), Bl B WRBEAS . FHUEGRBEASHY Hy IF A2 4.
lac+ 811* = |1 B(a.+ B)|I* = (Bav, Ba) + 2(Ber, BB) + (BB, BB) = [|a* + 2(Ba, BB) + ||8]1%,

R FGH (Ba, BB) = (o, B), T2 B NIERA .



b) M a eV, % B=B+I)" o, WH a=B+p6, T2

(Aa,a) = (BF )8, (B+1)B) = (BB, BB) — (B,5) = 0.

M2f
0=(Ala+p),a+B) = (Aa,a) + (Aa, B) + (AB,a) + (AB, 8) = (A, B) + (a, AB).
WA SRR PRAR

Remark 3.5. H4E[4Fo Hermite 4E[EALH KL E 4 :
e H ) Hermite 46[%, W (I £iH) i, B U = (I FiH)(I £iH)™' A HEH;
o U AB4EME (I +iU) sTiE, W H = Fi(I FiU)(I £iU)~' 4 Hermite %%
Problem 3.6. & & AHZIN V LTI, iH 2
(Aa,B)+ (o, /B) =0, Va,B € V.
RIXAEY T of h4 Hermite T3k, 1E9A

(1) V Ley4t Hermite T3 A &M T, BAMTI o A& Hermite TG B L E V a9—/A 477k
ERETH4EMELT A A% Hermite 4E/%: A* = —A.

(2) # Hermite oG HAEALFERE A 0.
EM. MEE o, BEV,
(o (ke 18),7) = —(ka + 15, 4y) = —k(e, @) = (B, &) = (ke a + 1 5,7).
W R B {an, - an} VI AARIEIE SR,
427(041,--- 704n) = (0417"' 7Oén)A,

W o Syt Hermite 2504 HLLY (/. 1m0) = — (s /) = (g, ), Vpoq. B A* = A ik —5
FFT, B Xy o WORFIERL, 0 JREA)— MFIER R, )

A, m) = (@n,n) = -, @n) = —(n, \n) = =A(n,n),

A 0 #0 AT A4+ X =0, Bl X {35554 0. O
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